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Answer ALL the Questions:

1. (a) If G is a finite group, then prove that ca:ﬂ; in other words, show that the
O(N(a))
number of elements conjugate to a in G is the index of the normalizer of ain G.
(OR)
(b) Show that “Conjugacy is an equivalence relation in G.” (5)
(c) State and prove Cauchy Theorem.
(OR)
(d) If p is a prime number and p“* divides O(G) then prove G has a subgroup of order p®.
(15)
2. (a) State and prove the Division Algorithm.
(OR)
(b) If R is an integral domain, then prove that R[x] is an integral domain. (5)
(c) State and prove the Eisenstein criterion.
(OR)
(d) State and prove the “Fundamental theorem on Finitely generated modules over
Euclidean rings”. (15)

3. (a) If L is a finite extension of K and K is a finite extension of Fthen prove that L is a
finite extension of F. Moreover, [L: F] = [L: K][K: F].
(OR)
(b) Let f(x) € F[x] be of degree n > 1, prove that there is an extension E of F of degree
atmost n! in which f(x) has n roots. (5)

(c) Prove that the element a € K is algebraic over F iff F(a) is a finite extension of F.
(OR)

(d) If p(x) is a polynomial in F[x] of degree n > 1 and it is irreducible over F then show

that there is an extension E of F such that [E: F] = n in which p(x) has the root. (15)

4. (a) Let F, be the field of rational numbers and let K = Fo(32) ={a+b§/§+
c(¥2)"la, b, c € Fyl. Find G (K, Fy) and prove that Ko s,y = K.



(OR)
(b) If K is a finite extension of F, the G(K,F) is a finite group and its order satisfies
o(G(K,F) < [K:F]. (5)

(c) Let K be a normal extension of F and let H be a subgroup of G(K,F), Ky ={x €
K|lo(x) = x,V o € H} is the fixed field of H then [i] [K:Ky] = o(H) and [ii] H =
G(K:Ky). Inparticular, H = G(K,F) and [K: F] = o(G(K, F)).

(OR)
(d) State and prove the fundamental theorem of Galois theory. (15)

. (a) If the field F has p™ elements then show that F is the splitting field of the polynomial

xP" — x.
(OR)
(b) Prove that any two finite fields having the same number of elements are isomorphic.
()
(c) Show that S,, is not solvable for n > 5.
(d) Verify S5 is solvable. (8+7)

(OR)
(e) State and prove Wedderburn’s theorem on finite division rings. (15)



